ABSTRACT. We study equivariant contact structures on complex projective varieties arising as partial flag varieties G/P, where G is a connected, simply-connected complex simple group of type ADE and P is a parabolic subgroup. We prove a special case of the LeBrun-Salamon conjecture for partial flag varieties of these types. The result can be deduced from Boothby's classification of compact simply-connected complex contact manifolds with transitive action by contact automorphisms, but our proof is completely independent and relies on properties of G-equivariant vector bundles on G/P. A byproduct of our argument is a canonical, global description of the unique SO 2n (C)-invariant contact structure on the isotropic Grassmannian of 2-planes in C 2n .
INTRODUCTION
Fano varieties with complex contact structures have been studied enthusiastically over the last half century, in large part due to their distinguished position at the intersection of complex algebraic geometry and real differential geometry. A compact quaternionic Kähler manifold with positive curvature always supports an S 2 -bundle -its twistor space -the total space of which is a Fano contact manifold. As presented in [9] , the LeBrun-Salamon conjecture [12] posits that every Fano contact manifold with b 2 = 1 is a homogeneous variety, one that is isomorphic to the unique closed orbit P(O min ) in the projectivized (co)adjoint representation of some simple Lie group G. If the conjecture were true, then every compact quaternionic Kähler variety with positive curvature would necessarily be homogeneous, and so progress on the LeBrun-Salamon conjecture is crucial to resolving an outstanding geometric classification problem within Riemannian geometry. The work of Beauville [1] is the strongest evidence thus far for the validity of the conjecture. For multiple points of view on Fano contact varieties, including the minimal rational curves and Mori theory approaches, we refer the reader to [4, 7, 8, 13, 14] .
On another front, complex contact manifolds have been studied in the context of equivariant geometry. Most notably, Boothby [2, 3] gives a complete classification of those compact simply-connected complex contact manifolds which are acted upon transitively by their respective groups of contact automorphisms (the so-called homogeneous complex contact manifolds). He identifies each with P(O min ) for a suitable simple group G.
1.1.
Results. This article presents some results on equivariant contact geometry for partial flag varieties. Firstly, we give a self-contained proof of the following special case of the LeBrun-Salamon conjecture. Theorem 1. Let G be a connected, simply-connected complex simple group of type ADE, and let X be a partial flag variety of G with b 2 (X) = 1. If X is endowed with a G-invariant complex contact structure, then there exists a G-equivariant isomorphism X ∼ = P(O min ) of contact varieties, where O min is the minimal nilpotent orbit of G.
While Theorem 1 is deducible from Boothby's work, our argument differs significantly from that offered in [2, 3] . Our approach is instead based on a sequence of results concerning the geometry (both equivariant and non-equivariant) of partial flag varieties G/P, where P is a parabolic subgroup. Specifically, we prove that a G-invariant corank-1 subbundle E of T G/P is completely determined as such by the isomorphism class of the quotient line bundle T G/P /E (see Proposition 3). This leads us to prove Proposition 5, which describes the contact line bundle of a G-invariant contact structure on G/P in terms of the isomorphism between Pic(G/P) and the group of 1-dimensional P-representations. Proposition 7 and Theorem 9 then combine to give us the desired G-equivariant contact variety isomorphism between G/P and P(O min ).
Secondly, we offer a detailed description of the contact manifold in Theorem 1 when G is of type D n . This manifold is precisely the Grassmannian Gr B (2, C 2n ) of those 2-planes in C 2n which are isotropic with respect to the complex-bilinear dot product. While there are descriptions of the SO 2n (C)-invariant contact distribution E on Gr B (2, C 2n ) appearing in the literature (e.g. [7] ), ours is global and canonical. Indeed, we use the classical identification of the tangent bundle of the full Grassmannian Gr(2, C 2n ) with Hom(F, O ⊕2n /F), where F is the tautological bundle on Gr(2, C 2n ). We then present E explicitly as a subbundle of the pullback to Gr B (2,
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REVIEW OF PROPERTIES OF FANO CONTACT VARIETIES
Here, we review the salient features of complex contact varieties in general and Fano contact varieties in particular. Let X be a smooth complex variety of complex dimension 2n + 1 for some n ≥ 0, and let ι : E ֒→ T X be a rank-2n holomorphic subbundle of the tangent bundle T X . We say that the pair (X, E) is contact if, in the short exact sequence
induced by ι, the composition of the Lie bracket on sections of T X with the quotient map θ is an L-twisted bilinear form that is nondegenerate along E. In keeping with the literature, we call the subbundle E the contact distribution; the quotient L, the contact line bundle of (X, E). If there exists an E → X for which the pair (X, E) is contact, we say that X admits a contact structure.
From now on, we also assume that X is projective, that b 2 (X) = 1, and that X admits a contact structure, the distribution of which is E. Let L be the associated contact line bundle. We use K X and K ∨ X , respectively, for the canonical and anticanonical line bundles of X. In this case, X is Fano with Pic(X)
This characterization is a consequence of a theorem of Demailly (Cor. 3 in [5] ), applied to an earlier result of Kebekus, Peternell, Sommese, Wiśniewski (Thm. 1.1 in [9] ).
There are of course exactly two possibilities: either the contact line bundle L is a generator of Pic(X) or it is not. If it is not, then L is a holomorphic (n + 1)-th root of K ∨ X and L itself has nontrivial roots (namely, a generator of Pic(X)). In this case, X must be P N for some N, by the well-known Kobayashi-Ochiai characterization of complex projective space [10] . Hence, whenever X is a projective Fano contact variety with b 2 = 1 that is not a projective space, then it must be that Pic(
Taking these observations together, we have that:
• L is ample (in particular, it is the ample generator of Pic(X) whenever X ≇ P N ); and
The second fact is true because Pic(X) ∼ = Z and L and L ′ are holomorphic roots of the same line bundle (and hence deg L = deg L ′ ).
3. PARTIAL FLAG VARIETIES AND CONTACT STRUCTURES 3.1. Basic Setup. Now, we specialize to the case where X arises as a partial flag variety for a simple Lie group G.
To be precise, let G be a connected, simply-connected complex simple group with Lie algebra g. Fix a maximal torus T ⊆ G with Lie algebra t ⊆ g. Let X * (T ) denote the weight lattice, and let ∆ ⊆ X * (T ) be the resulting collection of roots. Also, let (·, ·) be the standard inner product on span R (∆) ⊆ t * . Choose collections Π ⊆ ∆ + of simple roots and positive roots, respectively. Since g is simple, there exists a unique highest root λ with respect to the partial order induced by the choice of Π. Let B ⊆ G be the opposite Borel with respect to our choice of positive roots. After fixing a subset S of Π, let ∆ + S be the set of those positive roots expressible as Z-linear combinations of the roots in S. One then has the standard parabolic subgroup P S generated by B and the root subgroups coming from the roots in ∆ + S . Hence, the Lie algebra of P S is precisely
where b is the Lie algebra of B. Finally, let W = N G (T )/T be the Weyl group, and let W S denote the subgroup of W generated by the simple reflections {s β : β ∈ Π \ S}. The quotient G/P S is not only a complex projective variety, but is also Fano -see, for instance, Thm. V.1.4 in [11] . We will make extensive use of vector bundles on G/P S arising from P S -representations via the associated bundle construction. More explicitly, suppose that ϕ :
g ∈ G, v ∈ V, p ∈ P S , with quotient variety denoted G × P S V. Note that the action of G on G × V given by left-multiplication in the first factor commutes with the P S -action, so that G × P S V carries a residual G-action. The projection map
then realizes G × P S V as a G-equivariant holomorphic vector bundle over G/P S , called the associated bundle for V. In short, G× P S V is the G-equivariant holomorphic vector bundle over G/P S with fibre over [e] ∈ G/P S isomorphic to V as a representation of P S . We now recall three standard group isomorphisms of importance to our work. Firstly, since [15] ), the exponential sequence gives rise to a group isomorphism
Secondly, recall that
is a group isomorphism, where L(β) is the associated line bundle on G/P S arising from the 1-dimensional P S -representation of weight β. We therefore have a third isomorphism,
It will be prudent to recall a natural Z-basis of the group X * (T )
be the corresponding simple coroot. Note that the h β form a basis of t dual to the basis of fundamental weights ω β ∈ X * (T ), β ∈ Π.
Lemma 2. The group
Proof. Note that δ ∈ X * (T ) belongs to X * (T ) W S if and only if δ is fixed by each simple reflection s β , β ∈ S. This holds if and only if δ is orthogonal to each simple root in S. The desired conclusion then follows from the fact that
is the expression of δ as a linear combination of the fundamental weights.
We conclude this section with a proposition that will be of use later.
Proposition 3.
If F 1 and F 2 are G-invariant corank-1 subbundles of T G/P S and the quotients T G/P S /F 1 and T G/P S /F 2 are isomorphic as holomorphic line bundles, then
Proof. To begin, note that T G/P S [e] is canonically isomorphic to g/p S as a P S -representation, so that
The isomorphism (2) restricts to isomorphisms
and
where V 1 and V 2 are codimension-1 P S -subrepresentations of g/p S . Since each T -weight space of
and V 2 is obtained by removing a single weight space from the sum (3). Let γ 1 , γ 2 ∈ ∆ + be the weights discarded to obtain V 1 and V 2 , respectively. We then have bundle isomorphisms
as holomorphic line bundles over G/P S , so that γ 1 = γ 2 . Hence, V 1 = V 2 , implying that F 1 and F 2 identify with the same subbundle of G × P S (g/p S ) under (2). This completes the proof.
In the case that F 1 and F 2 define contact structures, we have the following immediate Corollary 4. If each of F 1 and F 2 is the distribution of a G-invariant contact structure on G/P S and Pic(G/P S ) ∼ = Z, then
This is simply the result of combining Proposition 3 with the fact G/P S is Fano (and then applying the second observation listed at the end of Section 2. Nilpotent orbits are invariant under scaling action of C * on g. In particular, we have an inclusion of P(O min ) := O min /C * into P(g) as a closed G-orbit. Now, suppose that ξ ∈ g −λ \ {0}, which determines a class [ξ] ∈ P(O min ). The G-stabilizer of [ξ] is the standard parabolic subgroup P Λ , where Λ is the collection of those simple roots which are orthogonal to λ. We therefore have the G-variety isomorphism
. It turns out that P(O min ) carries a distinguished G-invariant contact structure, E min ⊆ T P(O min ) . To obtain it, note that the Killing form on g restricts to a G-equivariant variety isomorphism between O min and a coadjoint orbit in g * . The latter has the Kirillov-KostantSouriau symplectic structure, so that O min is symplectic. The symplectic form on O min has weight 1 with respect to the C * -action, and Lemma 1.4 of [1] then gives the desired contact structure on P(O min ).
Using Remark 2.3 from [1] , one can more explicitly describe the bundle E min . Let [ξ] ∈ P(O min ) be the class of a lowest root vector, as above. Via the isomorphism (4), the fibre (E min ) [ξ] identifies with a codimension-1 subspace of g/p Λ , the tangent space of G/P Λ at the identity coset. Now, note that p Λ ⊆ (g −λ )
⊥ , the orthogonal complement of g −λ with respect to the Killing form. Our fibre is then given by
Since E min is a G-invariant subbundle of T P(O min ) , (5) can be used to determine the fibre of E min over any point.
Reduction to the Case of a Maximal Parabolic.
Let us begin to directly address the classification of partial flag varieties admitting G-invariant contact structures. To this end, assume S ⊆ Π is such that G/P S admits a G-invariant contact structure E ⊆ T G/P S . In light of earlier remarks, we shall also assume that b 2 (G/P S ) = 1. This second assumption imposes a significant constraint on the subsets S under consideration. Indeed, one has a Schubert cell decomposition of G/P S into B-orbits,
so that H 2 (G/P S ; Z) is free of rank equal to the number of (complex) codimension-1 Schubert cells. Since the codimension of BwP S /P S in G/P S is the length of a minimal-length coset representative in [w] ∈ W/W S , the codimension-1 Schubert cells are those of the form Bs β P S /P S , β ∈ Π \ S. Hence, the condition b 2 (G/P S ) = 1 implies that Π \ S has cardinality 1, so that S = Π \ {α} for some unique α ∈ Π. In other words, P S is a maximal parabolic subgroup of G.
3.4.
The Contact Line Bundle on G/P S . We now give a more explicit description of the Ginvariant contact structure E. Using the bundle isomorphism (2), we will regard the fibre E [e] as a codimension-1 P S -subrepresentation of g/p S . Of course, since E is a G-invariant subbundle of T G/P S , we also have
Hence, the contact line bundle L = T G/P S /E is given by
Using (7), one can describe L in terms of the isomorphism X * (T )
Proposition 5. If g is simply-laced, then the highest root λ belongs to X * (T ) W S and L is isomorphic to L(λ).
Proof. We begin with two observations. Firstly, we have L ∼ = L(γ) for some γ ∈ X * (T ) W S . Secondly, since g is simply-laced, λ is the unique dominant root. Proving the proposition will therefore amount to showing that γ ∈ ∆, and that γ is dominant. For the former, note that each T -weight of g/p S is a root. It follows that the weight of the quotient representation (g/p S )/E [e] is also a root. Also, the isomorphisms (7) and L ∼ = L(γ) together imply that γ is the weight of g/p S , so that γ must be a root.
To prove that γ is dominant, we note that
where 2n + 1 is the (complex) dimension of G/P S . Also, the isomorphism (2) yields
By (3), the weight of ∧ 2n+1 (g/p S ) is
and we therefore have
Combining (8) and (9), we conclude that (n + 1)γ = µ S . Since µ S is dominant, this implies that γ is dominant.
Before proceeding to the next section, we note that our arguments allow us to quickly recover the following well-known fact.
Corollary 6. The subbundle E min ⊆ T P(O min ) is the unique G-invariant contact structure on P(O min ).
Proof. Suppose that F ⊆ T P(O min ) is a G-invariant contact structure. Let us first assume G to be of type ADE (so that g is simply-laced). Note that both E min and F pull-back to G-invariant contact structures on G/P Λ under the isomorphism (4). By Proposition 5, it follows that both contact line bundles T P(O min ) /E min and T P(O min ) /F pull-back to L(λ) under (4). In particular, these bundles are isomorphic, and Proposition 3 then implies F = E min .
If G is not of type ADE, then Pic(P(O min )) ∼ = Z. Now, it follows from Corollary 4 that F = E min .
A CLASSIFICATION OF G-INVARIANT CONTACT STRUCTURES ON G/P
4.1. The Main Theorem. We now consolidate the results presented in Sections 3.3 and 3.4. In light of Proposition 5, we will assume G to be of type ADE for the duration of this article. We then have the following relationship between the simple root α from 3.3 and the highest root λ.
Proposition 7. The root α is the unique simple root not orthogonal to λ.
Proof. By Lemma 2, X * (T ) W S is freely generated by ω α . Since λ ∈ X * (T ) W S by Proposition 5, it follows that λ = kω α for some non-zero k ∈ Z. Also, we may write
Hence, for β ∈ Π, we have (λ, β) = 0 if and only if β = α.
Before continuing, we note the following implication of Proposition 7 for partial flag varieties in type A.
Corollary 8.
Suppose that G = SL n (C) with n ≥ 3. There does not exist a partial flag variety X of SL n (C) with b 2 (X) = 1 admitting an SL n (C)-invariant contact structure. Equivalently, none of the Grassmannians Gr(k,
Proof. By Proposition 7, the existence of such an X would imply that there was a unique simple root not orthogonal to the highest root λ. However, for G = SL n (C), n ≥ 3, there are exactly two simple roots not orthogonal to λ. The formulation in terms of Grassmannians follows from their being the partial flag varieties of SL n (C) having b 2 = 1.
Remark. Corollary 8 has an interesting consequence when n is an even positive integer. Indeed, the odd-dimensional projective space P n−1 is then isomorphic to the projectivization of the minimal nilpotent orbit of Sp n (C). In particular, P n−1 admits an Sp n (C)-invariant contact structure. Yet, Corollary 8 implies that this contact structure is not SL n (C)-invariant for n ≥ 4.
Let us return to the matter at hand. Proposition 7 establishes that S = Π \ {α} is the collection of those simple roots which are orthogonal to λ, namely S = Λ. Hence, G/P S = G/P Λ , which is G-equivariantly isomorphic to P(O min ) via (4). It therefore remains to prove that (4) is additionally an isomorphism of contact varieties, recalling that G/P S = G/P Λ has the G-invariant contact structure E ⊆ T G/P Λ fixed in 3.3.
Theorem 9. The map
Proof. We are claiming that ϕ * (E min ) coincides with E when the former is regarded as a subbundle of T G/P Λ . Observing that each of ϕ * (E min ) and E is a G-invariant corank-1 subbundle of T G/P Λ , Proposition 3 allows us to reduce this to showing T G/P Λ /ϕ * (E min ) and T G/P Λ /E to be isomorphic as holomorphic line bundles. The second line bundle is isomorphic to L(λ) by Proposition 5, so we are further reduced to proving that the fibre (T G/P Λ /ϕ * (E min )) [e] has weight λ as a T -representation. [e] and (T P(O min ) ) [ξ] /(E min ) [ξ] are isomorphic T -representations. We also have an isomorphism (T P(O min ) ) [ξ] ∼ = g/p Λ from Section 3.2, under which (E min ) [ξ] identifies with (g −λ )
⊥ /p Λ . Putting everything together, we have
Since we have
implies that (T G/P Λ /ϕ * (E min )) [e] is indeed the 1-dimensional T -representation of weight λ.
Example: The Grassmannian of Isotropic 2-Planes in C
2n . We now describe a class of explicit examples that satisfy the hypotheses of Theorem 1. To this end, let us set G = SO 2n (C) with n ≥ 4. Given θ ∈ R/(2πZ), consider the 2 × 2 matrix
For θ 1 , θ 2 , . . . , θ n ∈ R/(2πZ), we define R(θ 1 , θ 2 , . . . , θ n ) to be the 2n × 2n block-diagonal matrix R(θ 1 ) ⊕ R(θ 2 ) ⊕ · · · ⊕ R(θ n ). Note that the R(θ 1 , θ 2 , . . . , θ n ) constitute a maximal torus of the compact real form SO(2n) ⊆ SO 2n (C). Let T ⊆ SO 2n (C) be the complexification of this maximal torus. We then choose our collection of simple roots to be Π := {α 1 , α 2 , . . . , α n }, where α j : T → C * is defined by the property
for j ∈ {1, . . . , n − 1}, while α n : T → C * satisfies α n (R(θ 1 , θ 2 , . . . , θ n )) = e i(θ n−1 +θn) .
The highest root λ is then given by
Furthermore, the subset of simple roots orthogonal to λ is Λ = Π \ {α 2 }. Now, let B : C 2n ⊗ C 2n → C be the complexification of the dot product on R 2n . One then has the Grassmannian of isotropic 2-planes in C 2n , Gr B (2, C 2n ). More explicitly,
where V ⊥ denotes the complement of V ∈ Gr(2, C 2n ) with respect to B. This is a partial flag variety of SO 2n (C), and one can verify that the SO 2n (C)-stabilizer of (11) W := span{e 1 + ie 2 , e 3 + ie 4 } ∈ Gr B (2, C 2n )
is precisely P Λ ⊆ SO 2n (C). Hence, we have an SO 2n (C)-equivariant variety isomorphism
By (4), we have another SO 2n (C)-equivariant isomorphism
where O min is the minimal nilpotent orbit of SO 2n (C). It remains to give the contact structure on Gr B (2, C 2n ) for which (12) is an isomorphism of contact varieties. In other words, it remains to find the unique SO 2n (C)-invariant contact structure on Gr B (2, C 2n ). To this end, let F denote the tautological bundle on Gr B (2, C 2n ), whose fibre over V ∈ Gr B (2, C 2n ) is V itself. Note that F is a subbundle of the trivial bundle Gr B (2, C 2n ) × C 2n , so that we may consider the subbundle F ⊥ of complements with respect to B. By definition, F ⊆ F ⊥ , and we may define
Note that E is canonically a subbundle of Hom(F, O ⊕2n /F), the pullback to Gr B (2, C 2n ) of T Gr(2, C 2n ) . In fact, we have the inclusion
of subbundles of Hom(F, O ⊕2n /F), giving rise to a short exact sequence
(see [6] , Chapter 14). Since ∧ 2 (F ∨ ) = det(F ∨ ) is a line bundle, E is a corank-1 subbundle of T Gr B (2, C 2n ) . Indeed, we have the following proposition.
Proposition 10.
The subbundle E ⊆ T Gr B (2, C 2n ) is the unique SO 2n (C)-invariant contact structure on Gr B (2, C 2n ).
Proof. By Proposition 3 and the discussion at the end of Section 2, the SO 2n (C)-invariant contact structure on Gr B (2, C 2n ) is the unique subbundle of H ⊆ T Gr B (2, C 2n ) such H is SO 2n (C)-invariant and T Gr B (2, C 2n ) /H is the ample generator of Pic(Gr B (2, C  2n ) ). Accordingly, it will suffice to prove that E possesses these two properties. For the former, note that F ⊥ /F is an SO 2n (C)-invariant subbundle of O ⊕2n /F. Hence, E = Hom(F, F ⊥ /F) is an SO 2n (C)-invariant subbundle of Hom(F, O ⊕2n /F), and therefore also of T Gr B (2, C 2n ) . For our second property, (13) gives a bundle isomorphism
The bundle det(F ∨ ) is indeed the ample generator of Pic(Gr B (2, C 2n )), so our proof is complete.
We wish to conclude with a comparison of our presentation of the SO 2n (C)-invariant contact structure on the isotropic Grassmannian to the one presented in [7] (pp.353-354), whose distribution we will denote by P. There, Gr B (2, C 2n ) is given an alternative presentation, as a parameter space for lines in a hyperquadric of dimension 2n − 2. If ℓ is line in the hyperquadric representating a point in the parameter space, and if we choose an isomorphism ℓ ∼ = P 1 , the fibre P ℓ is the space of global holomorphic sections of the (2n−4)-fold direct sum of the hyperplane bundle on the P 1 . One must choose an isomorphism for each point in order to describe P and so this description -while explicit -is local. Our presentation of the unique SO 2n (C)-invariant contact structure, with distribution E given above, does not depend on a family of isomorphisms and uses the tautological bundle on the isotropic Grassmannian directly.
